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Abstract. Let = {a ,t : = l,TaT~^ = (t~^) be the dihedral group 

of order 2n where n > 2. Let 1 —>■ i? —> L" ^ > 1 be the free presentation 

of Dn where F = {si, S 2 ) is the free group of rank two and e(si) = a, s{s 2 ) = t. 
The conjugation maps of F provide an action of F on R. Thus := R/[R, R] 
becomes a Z[Z)„]-lattice. is called the relation module of Dn by Gruenberg 
[GFTl[Gf2] . Theorem 1. If n = 2* where t is any positive integer, then is 
an indecomposable Z[ZI„]-lattice of rank 2n + 1. If n is an odd integer > 3, 
then R^^ ~ M+ 0 M+ where M+ and M+ are Z[L)„]-lattices of rank n and 
n 0 1 respectively. Theorem 2. Let k be any field. If n = 2, k{R°'^)^‘^ is 
rational over k, i.e. purely transcendental over k. If n is an odd integer > 3, then 
= k{Dn){t); thus, if Noether’s problem for Dn over k has an affirmative 
answer (e.g. Cn 0 Cn ^ ^ then k{R°'^)^"- is rational over k. Theorem 3. Let 
K/k be a Galois extension with Gal(iL/A:) = Dn- If n is an even integer > 2, 
then is not stably rational over k. If n is an odd integer > 3, then 

K{R°‘^)^" is rational over k. 
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1. Introduction 


Let G be a finite group, F = {si,... ,Sd) be the free group of rank d. A surjective 
homomorphism e : F ^ G gives rise to a free presentation 1—)-i?—)-FA-G—)-l 
of G. Since i? is a normal subgroup of F, F acts on R by the conjugation maps. 
Consequently G acts on := R/[R,R] where [R,R] is the commutator subgroup of 
R. Since R itself is a free group of rank 1 + {d — 1)|G| by Schreier’s Theorem |Kurl 
page 36], is a free abelian group of the same rank. It follows that becomes a 
Z[G]-module which is a free abelian of finite rank, i.e. is a Z[G]-lattice (in short, 
G-lattice) in the sense of |CR1 page 524] and Section 2 of this article. In other words, 
j^ab pj-Qvides an integral representation G —)■ GLtiWj) for some positive integer t (see 
[CRl Chapter 3]). The G-lattice is called the relation module of G by Gruenberg 
[GGllG?^ . 

Consider the case G = Dn = {a,T ■. = 1, = cr“^), the dihedral group 

of order 2n where n > 2. 

Definition 1.1 Let 1 —?■ R —?• F Dn ^ 1 be a free presentation of Dn where 
F = {si,S2) the free group of rank 2, and £(si) = a, s{s2) = t. The D„-lattice is 
the subject we will study in Section 6. The relation module depends on the group 
G, the free group F, and also on the epimorphism e : F ^ Dn (see |Gr21 page 79] for 
details). 

In this article we will prove the following theorems. 

Theorem 1.2 Let 1 —)■ R —)■ F A- Dn 1 be the free presentation of Dn in Definition 
\1.1[ If n = 2^ where t is any positive integer, then the lattice R“^ is an indecomposable 
Dn-lattice of rank 2n + 1. If n is an odd integer > 3, then R“^ ~ M+ © M+ where M+ 
and M+ are Dn-lattices of rank n and n + 1 respectively. 

Theorem 1.3 Let 1 —)■ R ^ F Dn 1 be the same free presentation as in 
Theorem \1.2[ Let k be any field. If n = 2, then k{R°'^)^'^ is rational over k. If n 
is an odd integer > 3, then fc(R“^)^" = k{Dn){t) for some element t transcendental 
over the field k{Dn); conseguently, if Noether’s problem for Dn over the field k has an 
affirmative answer (e.g. Cn + Cn ^ ^ ^ where (n is a primitive n-th root of unity), then 
^(Rafe)n„ rational over k. 

Theorem 1.4 Let 1 ^ R —?• F —s. x ^/^g same free presentation as in 

Theorem li.M Let K/k be a Galois extension with Gal{K/k) = Dn. If n is an even 
integer > 2, then K{R°‘^)^" is not retract rational over k; in particular, F(R“^)^" is 
not stably rational over k. If n is an odd integer > 3, then F(R“^)^" is rational over 

k. 


We remark that the decomposability of the relation module and the relation core 
of a finite group G is a central problem in Gruenberg’s monograph |Grl] Lecture 9]. 
Theorem 11.21 show that much more can be said for the decomposability when G = F„. 
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We also note that, in Theorem II.41 the case when n = 2 or 3 is solved by Kunj^skii 
|Kull IKu2j . The reader may find the definitions of the D^-lattices M+ and M+ in 
Definition 13.11 and Definition 13.31 If /c is a field and M is a G-lattice, we will define a 
multiplicative action of G on the field k{M) in Definition 12.31 Thus we may consider 
the rationality problem of in Theorem 11.31 Similarly we may consider the 

rationality problem of if K/k is a Galois extension with Gal(i^/A;) = 

The reader may find a description of Noether’s problem and the definition of k{Dn) 
of Theorem 11.31 in Definition 16.11 As to the terminology of fc-rationality, stable k- 
rationality, retract fc-rationality, see Definition 12.41 

So far as we know, the rationality problem of k{R°'^)^"^ was investigated first in a 
paper of Snider. His result is the following. 

Theorem 1.5 (Snider |Sn] ) Let the notations be the same as in Theorem \1.3[ Let k he 
any field. Ifn = 2, then k{R°‘^)^‘^ is k-rational. If n is an odd integer > 3 and (n £ k, 
then is stably k-rational. 

The motivation of Snider to consider the above rationality problem came from 
the attempt to solve whether the norm residue morphism Rn,F '■ K 2 {F)/nK 2 {F) —)■ 
H‘^{F, is an isomorphism where F is a field |Mi[ page 144]. For the surjectivity 
of Rn,F, Snider used the idea of generic crossed products with group G {G varies over 
all the possible finite groups); in particular, he considered the generic crossed products 
with group Dn. Thus the rationality of enables him to solve the surjectivity 

of Rn,F if the corresponding Brauer class is similar to a crossed product with group 
Dn- The isomorphism of Rn,F was solved by Merkurjev and Suslin |MSj in 1983. 
However, the rationality of or k{R°‘^)^ (where G is any finite group) remains 

a challenging problem. 

Our strategy to prove Theorem 1 1.3 1 and Theorem 11.41 is to study the structure of 
as a D„-lattice. In Section 3, we construct various D„-lattices when n is an odd integer. 
These D„-lattices turn out to be fundamental building blocks of indecomposable Dp- 
lattices when p is an odd prime number. The classification of all the indecomposable 
Dp-lattices was solved by Myrma Pike Lee [Lej whose results will be interpreted in 
Section 4. We hope that such an interpretation may help the reader understand Lee’s 
classification better. ^ 

In Section 3 we prove explicitly some identities of these D„-lattices, e.g. M+ © 
Tj ~ Z[D„/(cr)] © Z[D„/(r)]. It exemplifies the phenomenon that the Krull-Schmidt- 
Azumaya’s Theorem [GRI page 128] may fail in the category of G-lattices. It also plays 
an important role in the proof of Theorem 11.31 In Theorem 15.61 we will characterize 
those groups G such that is stably permutation, as an application of a theorem 
of Endo and Miyata fTheorem 12.7|) . We study some homological properties of these 
lattices in Section 5, e.g. flabby, cofiabby, invertible, flabby resolutions (see Definition 
I2.1|l . These homological properties are crucial in the proof of Theorem 11.41 

The proof of Theorem 11.21 is given in Section 5 (see Theorem 15.81 and Theorem 15.91) . 
A special case of this theorem when n = 2 will be reproved in Theorem 16.81 Two 
proofs will be given there: The first one uses computer packages, the second one is an 
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application of Theorem 16.61 The proofs of Theorem 11.31 and Theorem 11.41 are given in 
Section 6. 

Terminology and notations. In this paper, all the groups G are hnite groups. A free 
group F is called a free group of rank d if F is a free group on d generators Si,... ,Sd- 
A free presentation of G, 1 —)■ i? —?■ F ^ G —>■ 1, is a surjective morphism n : F ^ G 
where F is a free group and R is the kernel of vr. G„ and Dn denote the cyclic group 
of order n and the dihedral group of order 2n. If F is a group, then [R, R] is its 
commutator subgroup and denotes the quotient group R/[R, R]. When A; is a held, 
we write gcd{n, char A;} = 1 to denote the situation either char A; = 0 or char A: = p > 0 
with p\ n. By we mean a primitive n-th root of unity in some held. If M is a module 
over some ring A, we denote by the direct sum of n copies of M. In the proof of 
Theorem 11.21 is given in Section 5 we will write Z 2 for the ring of 2-adic integers, i.e. 
^2 = proj Iimm2/2™'Z. 


2. Preliminaries of G-lattices 


Let G be a hnite group. Recall that a hnitely generated Z[G]-module M is called a 
G-lattice if it is torsion-free as an abelian group. We dehne the rank of M: rank^ M = n 
if M is a free abelian group of rank n. If M is a G-lattice, dehne := Homa(M, h) 
which is also a G-lattice; is called the dual lattice of M. 

A G-lattice M is called a permutation lattice if M has a Z-basis permuted by G. 
A G-lattice M is called stably permutation if M 0 F is a permutation lattice where F 
is some permutation lattice. M is called an invertible lattice if it is a direct summand 
of some permutation lattice. A G-lattice M is called a habby lattice if M) = 0 

for any subgroup S of G; it is called cohabby if H^{S, M) = 0 for any subgroup S of G. 
If S' is a subgroup of G, we will write Z[G/S] for the permutation lattice Z[G] 0 z[ 5 ] Z 
where Z is the trivial Z[S']-lattice. For the basic notions of G-lattices, see |SwH ILoj . 

Let G be a hnite group. Two G-lattices Mi and M 2 are similar, denoted by Mi ~ 
M 2 , if Ml 0 Fi ~ M 2 0 P 2 for some permutation G-lattices Pi and P 2 . The habby 
class monoid Fq is the class of all habby G-lattices under the similarity relation. In 
particular, if M is a habby lattice, [M] G Fq denotes the equivalence class containing 
M; we dehne [Mi] 0 [M 2 ] = [Mi 0 M 2 ] and thus Fq becomes an abelian monoid |Swlj . 

Definition 2.1 Let G be a hnite group, M be any G-lattice. Then M has a habby 
resolution, i.e. there is an exact sequence of G-lattices: 0—?-M^F—)-F—;-0 
where F is a permutation lattice and F is a habby lattice. The class [F] e Fg is 
uniquely determined by the lattice M |Swl] . We dehne [M]^^ = [F] e Fg, following 
the nomenclature in |Lol page 38]. Sometimes we will say that [MY^ is permutation or 
invertible if the class [F] contains a permutation or invertible lattice. 
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Definition 2.2 Let K/k be a finite Galois field extension with G = Ga\.{K/k). Let 
M = Z • e* be a G-lattice. We define an action of G on K{M) = K{xi,..., Xn), 

the rational fnnction field of n variables over K, hj a ■ Xj = ni<i<n ‘ G ~ 

M■, for any a & G (note that G acts on K also). The fixed field is 
denoted by K{M)^. 

If T is an algebraic torns over k satisfying T Xspec(fc) Spec(iL) ~ where 

is the one-dimensional mnltiplicative gronp over K, then M := Hom(T, is a 

G-lattice and the fnnction field of T over k is isomorphic to K{M)^ by Galois descent 
|Swll page 36; Vo; Kn3]. 

Definition 2.3 We give a generalization of K{M)^ in Definition 12.21 Let M = 
Z • Ci be a G-lattice, k'/k be a finite Galois extension field snch that there 
is a snrjection G —)■ Gal{k'/k). Thus G acts naturally on k' by fc-automorphisms. 
We define an action of G on k'{M) = k'{xi,... ,Xn) in a similar way as K{M). The 
fixed field is denoted by k\M)^. The action of G on k'{M) is called a purely quasi¬ 
monomial action in jHKK( Definition 1.1]; it is possible that G acts faithfully on k' 
(the case k' = K) or trivially on k' (the case k' = k). 

We recall the notions of rationality, stable rationality and retract rationality. 

Definition 2.4 Let fc C L be a field extension. The field L is rational over k (in short, 
fc-rational) if, for some n, L k{Xi ,..., Xn), the rational function field of n variables 
over k. L is called stably rational over k (or, stably fc-rational) if the field L{Yi ,..., Ym) 
is fc-rational where Yi,... ,Ym are some elements algebraically independent over L. 
When k is an infinite field, L is called retract fc-rational, if there exist an affine domain 
A whose quotient field is L and fc-algebra morphisms ip : A ^ k[Xi,... ,Xn\[l/f], 

: k[Xi,..., Xn][l/f] —)■ A satisfying 'll) o ip = the identity map on A where 
k[Xi,... ,Xn\ is a polynomial ring over k, f ^ k[Xi,... ,X„]\{0} [Sal Definition 3.1; 
Ka, Definition 1.1]. 

It is known that “fc-rational” ^ “stably fc-rational” ^ “retract fc-rational”. More¬ 
over, if k is an algebraic number field, retract fc-rationality of k{G) implies the inverse 
Galois problem is true for the field k and the group G [S^ Ka] (see Definition 16.11 for 
the definition of k{G)). 

Theorem 2.5 Let K/k he a finite Galois extension field, G = Gal{K/k) and M he a 
G-lattice. 

(1) (Voskresenskii, Endo and Miyata |EMli Theorem 1.2; Len, Theorem 1.7]) K{M)^ 

is stahly k-rational if and only if is permutation, i.e. there exists a short 

exact sequence of G-lattices 0—)-M—)-Pi—)-P 2 —tO 'where Pi and P 2 are 
permutation G-lattices. 

(2) (Saltman [Sal Theorem 3.14; Ka, Theorem 2.8]) K{M)^ is retract k-rational if 
and only if [M]A is invertihle. 
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Theorem 2.6 (Endo and Miyata |EM2[ Theorem 1.5; Sw2, Theorem 4.4]) Let G be 
a finite group. Then all the flabby (resp. coflabby) G-lattices are invertible all the 
Sylow subgroups of G are cyclic [IgV^ invertible where Iq is the augmentation 
ideal of the group ring Z[G]. 

Theorem 2.7 (Endo and Miyata [EM21 Theorem 2.3]) Let G be a finite group, Iq 
be the augmentation ideal of the group ring Wf[G]. Then = 0 z/ and only if G 

is isomorphic to the cyclic group Gn where n is any positive integer, or the group 
{p, a,T : =1, rcrr“^ = pa = ap, pr = rp) where m and n are odd 

integers, n > 3, d > 1 and gcd{m,n} = 1. 


3. 


Some Z7yj-lattices 


Thronghont this section, G denotes the gronp G = {a, t ■. a"' = = l,rcrr“^ = 

a~Y where n > 3 is an odd integer, i.e. G is the dihedral gronp Dn- Define H = (r). 

We will construct six G-lattices which will become indecomposable G-lattices if 
n = p is an odd prime number. 


Definition 3.1 Let G = {a, r) be the dihedral group defined before. Define G-lattices 
M_|_ and M_ by M_|_ = Ind^ Z, M_ = Ind^ the induced lattices where Z and 
are iL-lattices such that r acts on h = h ■ u, = h ■ u' hj r ■ u = u, r ■ u' = —u' 
respectively (note that u and u' are the generators of Z and as abelian groups). By 
choosing a Z-basis for corresponding to a^u G Ind^ Z (where 0 < z < n — 1), the 
actions of a and r on M_|_ are given by the n x n integral matrices 



/O 0 

... 0 

1\ 


( 

1 

\ 


1 0 


0 





a A = 




, T ^ B = 

1 





1 0 

0 


1 




V 

1 

0/ 


V 



Similarly, for a Z-basis for M_ corresponding to a^u', the actions of a and r are 
given by 


/O 0 ■■■ 0 1\ 

1 0 0 


a ^ A = 


\ 


1 




0 0 

1 0 / 


/ 


-1 


\ 


T I—)■ —B 



\ 
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Definition 3.2 As before, G = {a, r) ~ Let f{a) = 1 + a + ■ • • + G Z[G]. 
Since r ■ /(a) = /(a) ■ r, the left Z[G]-ideal Z[G] • f{a) is a two-sided ideal; as an ideal 
in Z[G], we denote it by (/(cr)). The natnral projection Z[G] —)• Z[G]/(/(ct)) indnces 
an isomorphism of Z[G]/(/(o')) and the twisted group ring o H (see [CRl p.589]). 
Explicitly, let Cn be a primitive n-th root of unity. Then Z[Cn] o H = hlCn] © ^[Cn] • t 
and T ■ (n = Cn^- If n = p is an odd prime number, Z[(Cp] o if is a hereditary order |CR1 
pages 593-595]. Note that we have the following fibre product diagram 


ZIGJ - 


off 


mi 




where Z = TLjnTL (compare with [CRl page 748, (34.43)]). 

Using the G-lattices M+ and M_ in Definition 13.11 define = Z[G]/(/((t)) ©s[g] 
M+ = M+//(a)M+, N_ = Z[G']/(/(a)) M_ = M_/f{a)M_. 

The Z[G]/ (/(o'))-lattices N+ and may be regarded as G-lattices through the Z- 
algebra morphism Z[G] —)■ Z[G]/(/(cr)). By choosing a Z-basis for corresponding 
to a^u where 1 < i < n — 1, the actions of a and r on N+ are given by the (n —1) x (n —1) 
integral matrices 


/O 0 0 ■■■ 0 -l\ 


A' = 


1 0 
1 0 


, B' = 


0 -1 

V 1 -V 

Similarly, the actions of a and r on N- are given by 
/O 0 0 ■■■ 0 -l\ 


/ 


Vi 


A' = 


1 0 
1 0 


-1 

-1 

0 -1 

1 -V 


, t^-B' = 


V-1 


1\ 

/ 



Definition 3.3 We will use the G-lattices M+ and M_ in Definition 13.II to construct 
G-lattices M+ and M_ which are of rank n -|- 1 satisfying the short exact sequences of 
G-lattices 


0 —y Mj^ —y Mj^ —)■ TL— —)■ 0 
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where the Z-lattice structures of M+ and M_ will be described below and Z Z • w, 
Z • tc' are G-lattices defined hj a ■ w = w, t ■ w = w, a ■ w' = w', t ■ w' = —w'. 


Let {wi :0<i<n — l}be the Z-basis of M+ in Definition 13.11 As a free abelian 
group, iVf_|_ = (©o<.<.- 1i ■ Wi) © Z • w. Dehne the actions of a and r on M+ by the 
(n + 1) X (n + 1) integral matrices 



( 

1 \ 


( 

1 1\ 
1 

a ^ A = 

A 

1 

1 

1 

1 

1 

, T ^ B = 

B 

1 

1 

1 

1 

1 1 


V 

Tv 


\ 

T-ij 


Similarly, let {wi :0<i<n — l}be the Z-basis of M_ in Definition 13.11 and 
M_ = (©0<*<n- liWi) ®1 j-w'. Define the actions of a and r on M_ by 



( 

1 \ 


/ 

1 -1\ 
1 

a ^ A = 

A 

1 

1 

1 

1 

1 

, r 1 —)■ —B = 

-B 

1 

1 

1 

1 

1 -1 


\ 

Tv 


V 

TT/ 


In the remaining part of this section, we will show that M_|_ and M_ are stably 
permutation G-lattices, and M+ © M_ is a permutation G-lattice. 

Theorem 3.4 Let G = (a, r : a"' = = 1, TaT~^ = cr“^) ~ where n is an odd 

integer. Then M+ © Z ~ Z[G/(cr)] © Z[G/(r)]. 

Proof. Let Uo, Ui be the Z-basis of 2[G/(a)] correspond to 1, r. Then a : uo ^ uo, 

Ui I—)■ Ml, T : Uq ■H- Ml- 

Let {uj : 0 < i < n — 1} be the Z-basis of Z[G/(r)] correspond to cr* where 
0 < i < n — 1. Then a : Vi Uj+i (where the index is understood modulo n), 
T : Vi Vn-i for 0 < i < n — 1. 

It follows that Uq, Ui, Vq, vi, ..., Vn-i is a Z-basis of Z[G/(a)] © 2[G/(r)]. 

Define 

t = Uo + Ui+ ^ Vi, 

0<i<n-l 

E n — 1 n+1 n — 1 

'Ui, y = H-H-^ 2^ Vi. 

l<i<n-l 0<i<n-l 

Since • (d +-h Un-i) = - 1) Z]o<i<n-i D, it follows that r ■ y = 

—y + X]o<i<n-i Then it is routine to verify that 

( 0 Z ■ (t\x) \®'E-y^M+, 'E-tc^'E 

\0<i<n-l / 
















by checking the actions of a and r on lattices in both sides. 

Now we will show that a{x),a^{x),... is a Z-basis of Z[G/(ct)] © 

Wj[G/{ r)]. Write the determinant of these n + 2 elements with respect to the Z-basis 
Mo, Ml, noWi, • • •, Vn-i- We get the coefficient matrix T as 


T = 


A 

1 ■ 

■ 1 

n—1 

2 

1 

1 ■ 

■ 1 

n+l 

2 

1 

1 

0 

n—1 

2 

0 

1 

1 

n—1 

2 

1 

0 

1 

n—1 

2 

A 

1 

1 

n—1 

2 


n rows 


l/J 


n columns 


The determinant of T may be calculated as follows: Subtract the last column from 
each of the hrst n columns. Also subtract times of the last column from the 
(n + l)-th column. Then it is easy to see det(T) = 1. ■ 

Theorem 3.5 Let G = {a, r ■. = r'^ = l,rcrr“^ = a~^) ~ where n is an odd 

integer. Then M_ © Z[G/(r)] ~ Z[G] © Z. 

Proof. The idea of the proof is similar to that of Theorem 13.41 
Let Mo, Ml,..., M„_i, Mo, Ml,..., M„_i, t be a Z-basis of Z[G] © h where Mj, Vj corre¬ 
spond to a\ a^T in Z[G]. The actions of a and r are given by 


cr : Mj I— )■ Mj+i, Vj Vj+i, t ^ t, 

T : Ui'H- Vn-i, t^t 


where the index of Ui or Vj is understood modulo n. 
Dehne x,y, z & Z[G] © Z by 


X = Mo - Mo, 


y = 



+ 1, 


z = 



+ t. 


We claim that 



0 a . ~ Z|G/(t)|. 

0<i<n-l 
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Since t{x) = —x, t{z) = z, it follows that r • a'^[x) = —cr"'“*(a;), r • 

The remaining proof is omitted. 

Now we will show that a{x), , a'^~^{x),x, y, (j{z ),..., a'^~^{z), z form a h- 

basis of Z[G] © Z. Write the coefficient matrix of these elements with respect to the h- 
basis Uq, Ml,, Mn-i, Vq, Vi, , Vn-i, t. We get det(T„) where is a (2n + l) x (2n + l) 
integral matrix. For example, 


n = 


/ 0 

0 

1 

1 

0 

0 


1 

0 

0 

1 

1 

0 

0 

0 

1 

0 

1 

0 

1 

0 

0 

0 

-1 

0 

0 

1 

0 

-1 

0 

0 

0 

0 

0 

1 

0 

-1 

0 

0 

1 

0 

0 

Vo 

0 

0 

1 

1 

1 

1/ 


For any n, we evaluate det(T„) by adding the Fth row to {i + ?7,)-th row of T„ for 
1 < z < M. We hnd that det(T„) = ± det(T') where T' is an (n + 1) x (n + 1) integral 
matrix. Note that all the entries of the z-th row of T' (where 1 < z < rz) are one except 
one position, because of the dehnition of x (and those of a^{z) for 1 < z < rz — 1). 
Subtract the last row from the z-th row where 1 < z < rz. We hnd det(T') = ±1. ■ 

Before proving Theorem 13.71 we dehne the following matrix hrst. Let 


/ Co Cn-l • • • C2 Cl ^ 

Cl Co Cn-l C 2 


Circ(co,ci,.. . ,Cn-i) = 


Cl Co 


^71 — 2 

V^n—1 2 

be the n x n circulant matrix whose determinant is 

71—1 


^n—l 

Cl Co / 


det(Circ(co, Ci,..., c„_i)) = JJ(co + CiC^ H-h c^.iC,!’" 


k=0 


Lemma 3.6 Let n > 3 be an odd integer. 

rz — 1 


n—1 n+1 

2 2 


(1) det(Circ(l,..., 1, 0,..., Oj) = 


n—1 

2 


n—3 


(2) det(Circ(-l,..., -1, 0,1,..., 1, 0)) = -1. 
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Proof. (1) follows from 

n — 1 n+1 

det(Circ(l,..., (^1 + Cn +- ^ Cn'^ 

k=0 

^ n—1 

k=l 

n—1 
~ 2 

— 

because 1 + Cn + • • • + Cn ^ = —rr— is a cyclotomic unit with 

-i- Sn 

g—1 \ —1 

1 — \ 1—1^ 1—1^ ’h-l 

T^l = -fer = ^^(l+Cn^ ) = -Cn(l + Cn^ ; 

1-Cn j 1 _ 1 - e 1 

(2) follows from 

n—1 n—3 

2 2 

det(Circ(—1,..., —1, 0,1,..., 1, 0)) 

n—1 

=n (-1 - c*—ct^*++■ ■ ■+ 

k=0 

n—1 

=(-1) n (-1 - c„‘—+(“'■+•■•+cf-"’*' 

k=l 

= -1 

n—3 n+1 

because — — — + Cn ^ + • • • + Cn~^ is ^ with 

n—3 n+1 _ 1 

— ^ — (n — ■ ■ ■ — (n^ + (n^ +-1* Cn 

n+1 

Efcli(-l)^Cn ^ = 1 (mod 4) 

n—3 

■Ek=o(-^)^(n^ ^ = 3 (mod 4). 


Theorem 3.7 Let G = (a, r : = l,TaT ^ = a ^) ~ Dn where n is an odd 

integer. Then M+ © M_ ~ Z[G'] © %[G/ (a)]. 

Proof. Let Uo,Ui,..., Un-i, Vo,Vi,..., Vn-i be a Z-basis of Z[G] where Ui, Vj corre¬ 
spond to (T*, +r in Z[G]. The actions of a and r are given by 

a : Mj H-)■ Wi+i, Vj 1-4 ++1, 

T . ( ) Vji—i 
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where the index of m* or Vj is understood modulo n. Let Iq, ti be the Z-basis of 
Z[G]/(a)] correspond to 1, r. Then a : to t t 'r : to -H- ti. 

Dehne x, yo, 2 ;, yi G Z[G] © 'Zj[G/ (a)] by 


uo+ Y. 


2 ©<^ 


n — 1 


( Vj] +to + {n- l)ti 

\0<j<n-l J 


+ to + ti, 



It remains to show that (x), ..x, a(a;), ..(x), |/o, <J^(z), .. 
a'^~^{z), z, (t{z), ..a^^{z), yi form a Z-basis of Z[G]®Z[G/((j)]. Let Q be the coeffi¬ 
cient matrix of (x), .. a'^~^{x), x, a{x), .. (T^“(x), yo, a^~(z), .. a"'~^{z), z, 
a{z), .. (T^“ (z), yi with respect to the Z-basis Uq, Mi, ..., Uo; • • •, Vn-i, to, ti. 
The matrix Q is dehned as 
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For examples, when n = 3, 5, Q is of the form 


A 

0 

0 

0 

1 

0 

1 i 

1 \ 

0 

1 

0 

0 

1 

1 

0 i 

1 

o 

0 

1 

0 

0 

1 

1 1 

1 

o 

1 

0 

1 

0 

-1 

-1 1 

-1 

0 

0 

1 

1 

-1 

0 

-1 1 

1 

-1 

1 

0 

0 

1 

-1 

-1 

0 i 

-1 

1 

1 

1 

1 

1 

1 

1 i 

1 

Vi 

1 

1 

2 

-1 

-1 

-1 i 

-2/ 


(l 

0 

0 

0 

1 

0 i 

1 

0 

0 

1 

1 

o 

1 

1 

0 

0 

0 

0 i 

1 

1 

0 

0 

1 i 

1 

0 

1 

1 

0 

0 

0 i 

1 

1 

1 

0 

0 i 

1 

0 

0 

1 

1 

0 

0 i 

0 

1 

1 

1 

0 i 

1 

o 

0 

0 

1 

1 

0 1 

0 

0 

1 

1 

1 1 

1 

o 

1 

1 

0 

0 

2 1 

0 

-1 

-1 

-1 

0 1 

-2 

0 

0 

1 

1 

0 

2 1 

1 

0 

0 

-1 

-1 

-11 

1 

-2 

0 

0 

0 

1 

1 

2 

-1 

0 

0 

-1 

-11 

-2 

1 

0 

0 

0 

1 

2 

-1 

-1 

0 

0 

-11 

-2 

1 

1 

0 

0 

0 

2 

-1 

-1 

-1 

0 

0 i 

-2 

1 

1 

1 

1 

1 

1 1 

1 

1 

1 

1 

1 i 

1 

A 

1 

1 

1 

1 

4 1 

-1 

-1 

-1 

-1 

-1 

-A 


We will show that det((5) = —1- For a given matrix, we denote by {Ci) its i-th 
column. When we say that, apply {Ci) + (Cl) on the i-th column, we mean the column 
operation by adding the 1st column to the f-th column. 

On the (2n + 2)-th column, apply C{2n + 2) + C(n + 1). On the (n + l)-th column, 
apply C(n + 1) + ^^(C(2n + 2)). On the (n + l)-th column, apply C{n + 1) — (Cl) — 
■ ■ ■ — (Cn). Then all the entries of the (n + l)-th column are zero except for the last 
(2n + 2)-th entry, which is —1. Hence it is enough to show det((5o) = 1 where Qq is a 
(2n + 1) X (2n + 1) matrix dehned by 


Qo 


n—1 

2 

1 

n + 1 1 

2 I 

n+1 n —1 


i\ 

1 

Circ(l,..., 1,0, 

1 

1 

1 

J. 

Circ(fA?A^,^7^ 


n + 1 

2 

1 

n — 1 [ 

2 1 

n—1 n+1 

2 2 


_ 

0 

Circ(oA^AO) C 

...,1) 1 

Circ(0,..., 0, —1,... 




1 

1 

1 



0 

1 

1 i 

1 

_i 

"2 

n 

1 

1 

n 


/ 


n 


n 
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On the (n + z)-th column, apply C{n + i) + 0(/(2^ + *)) for i = 1,... n where 


/(fc) 


k k < n 
k — n k > n. 


On the (?7, + i)-th column, apply 0(n+i) —C'(2?7, + l) for i = 1,..., n. On the (2?7, + l)-th 
column, apply C'(2?7, + 1) — + • • • + {Cn)}. Thus we get det(Qo) = det(Qi) 

where 



^ n — \ n+l 

2 2 


0 


Circfl,..., iVO,..., O') 

o 





0 

Qi — 

n+1 n — 1 

2 2 

n—3 n—1 

2 2 

0 


CircfO,..., o',!,..., l') 

Circ(0, 0, 

0 


_1 

P ••• Q 

_^ 

n—1 


V n 

n 

Because of Lemma |3.b| and 




n 


n 


n—3 

2 


n —1 
2 


n—1 

2 


n —3 
2 


det(Circ(0,1,..., 1, 0, —1,..., —1)) = det(Circ(—1,..., —1, 0,1,..., 1, 0)), 


we hnd det((5i) = 1- ■ 

Proposition 3.8 Let G ~ Dn where n is an odd integer. The all the flabby G-lattices 
are invertible. Consequently, if K/k is a Galois extension with Galois group G and M 
is any G-lattices, then the fixed field is retract k-rational. 

Proof. Since all the Sylow subgroups of G are cyclic, the flabby G-lattices are 
invertible by Theorem 12.61 Apply Theorem 12.51 because [M\T is invertible. ■ 


§4. Integral representations of Dp 

Let G = (a, r : cr^ = = 1, ~ Dp where p is an odd prime number. 

Dehne H = (r). 

Denote Cp a primitive p-th root of unity, R = Z[Cp], Rq = ^[Cp + Cp"^]) ^p the class 
number of Rq, P = {1 — (p) the unique maximal ideal of R lying over (p) C Z. We 
may regard i? as a G-lattice by dehning, for any a E R, a ■ a = (pa, t ■ a = a the 
complex conjugate of a. Note that i? is a G-lattice of rank p — 1; it is even a lattice 
over Z[G]/$p(cr) ~ Z[C] o H, the twisted group ring dehned in Dehnition 13.21 
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If J C -R is an ideal with a{I) C I, t{I) C I, then / may be regarded as a G-lattice 
also. In particular, if ^ C i?o is an ideal, then RA, PA are G-lattices of rank p — 1. 

A complete list of non-isomorphic indecomposable G-lattices was proved by Myrna 
Pike Lee |Le] . In the following we adopt the reformulation of Lee’s Theorem in |CR1 
page 752, Theorem (34.51)]. In the following theorem h- is the G-lattice on which a 
acts trivially, and r acts as multiplication by —1. 

Theorem 4.1 (M. P. Lee [Le( ICRl page 752]) Let G ~ Dp where p is an odd prime 
number. Let A range over a full set of representatives of the h^ ideal classes of Rq 
where Rq = 1j[(p + Cp"^]? R = ^[Cp]? R = ~ Cp)- Then there are precisely 7h+ -|- 3 

isomorphism classes of indecomposable G-lattices, and there are represented by 

Z, Z_, 1[H] ~ Z[G/(ct)]; RA, PA] 

and the non-split extensions 

0 -)■ PA -)■ 1/4 -)■ Z -)■ 0, 

0^ RA^ ^ W.[H] ^ 0 , 

0 —y RA 0 P —y (k^)^ —t 2 [77] —t 0 

Remark. In the above theorem, the words “the non-split extensions 0 PA 

1/4 —)■ Z —?• 0, .” means that, if M is an indecomposable G-lattice satisfying that 

0 —)■ PA —M —)■ Z —)■ 0, then M ~ 1/4 as G-lattices, i.e. there is essentially a unique 
indecomposable lattice arising from an extension of Z by P.4,. See |CR1 pages 711-730] 
and the proof in Lee’s paper [Li]. 

Definition 4.2 In Theorem 14.11 when 4. is a principal ideal in Ro, we will write the 
corresponding G-lattices byP, P, 0—)-P—)-17—)-Z—)-0, 0—)-P—)-X—)-Z—)-0, 
0 -)■ P -)■ lo -t 2[P] -)■ 0, 0 -)■ P -)■ Yi -)■ Z[P] -)-0, 0-)-P©P-)-Y2-t Z[P] ^ 0. 

If Z is a prime number of Z, denote by Z; = {m/n : m,n E Tj,1 \ n} the localization 
of Wj at the prime ideal (Z). Since {Ro)i = '^i[Cp + Cp"^] is a semi-local principal ideal 
domain, we hnd that Ai is a principal ideal in (Pq)/ for any prime number Z. 

It follows that, if A is any ideal in Pq, then P and P4, P and P4, V and (R)yi, X 
and X_ 4 , ... belong to the same genus, i.e. they become isomorphic after localization 
at any prime ideal (Z) of h (see jCRl page 642]). 

We will show that M+, M_, N+, A^_, M+, M_ dehned in Section 3 are isomorphic 
to V, X, P, P, Yq, Yi when n = p is an odd prime number. 

Lemma 4.3 Let and N_ be the G-lattices with G = (a, r : a”' = = 1, rcrr"^ = 

a~^) ~ Dn where n is an odd integer. If n = p is an odd prime number, then iV_|_ ~ P 
and N_ ~ P. 

Proof. By dehnition, when n = p, iV+ has a Z-basis {ui '■ f < i < p — Y\ with 
cr : Ml I—)■ ^2 t Mp-i — (mi 0 M 2 0 • • • + Wp_i), T : Ui -H- Up^i. On the other 


0 —y RA —y W _4 —y TL— —y 0, 

0 ^ P4 ^ (W)^ ^ 1\H\ ^ 0, 
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hand, R = Z]o<i<p-i ^ ‘ Q ^ Z-basis {Cp : 1 < < P - 1} with a : (p ^ (p ^ ■ ■ ■ 
(P-^ ^ -(Cp + • • • + T :Cp^ C^“*- Hence the resnlt. 

For the proof of N_ ~ P, note that P = R{1 — Cp) = Z]o<i<p-i ^(Cp “ Cp"''^)- Dehne 

p—1 P+1 

■^^0 = Cp ^ ~ Cp^ ^ 'Vi = for 0 < i < p — 1 . Then {vi,V2, ■ ■ ■, Vp-i\ is a Z-basis of 

P with (T : ni ^2 •—)■••• np_i —(ni + ^2 H— • + Vp-i) and t : Vi -H- —Vp-i becanse 
r(Cp) = Cp"'- Tims P ~ iV_. ■ 

Lemma 4.4 Let M+, M_, iV+, N_ he G-lattices with G = {a, r : a” = + = 1, rar”^ = 
a~^) ~ Dn where n is an odd integer. Then there are non-split exact sequences of G- 
lattices 0 —>■ iV_ —>■ M+ —>■ Z ^ 0, 0 —>■ iV+ —)■ M_ —)■ —)■ 0. fFhen n = p is an odd 

prime number, then M_|_ ~ V, M_ ~ X. 

Proof. Case 1. M+. 

By dehnition, choose a Z-basis {xi :0 <z<?7, — l}of M_|_ snch that a : Xj i—>• Xj+i, 
T : Xi ^ Xn-i where the index is nnderstood modnlo n. 

Dehne Uq = — x^, t = Xn^, Ui = +(mo) for 0 < z < n — 1. 

It follows that X]o<i<n-i 'Vi = ^ and {ui, U 2 ,..., Wn-i, t} is a Z-basis of M+ with a 
and r acting by 


a : Ml I-)- M2 l-t • • • !-)• Mn-l I-)- Mo = -(«! + ^2 H-h Mn_i), 

te^t + Mi+M2 + -- - + Un—l, 

T '. Ui — Uji—i, t I—^ t T Ml T M 2 T ■ ■ ■ T M^_i. 

Note that X)i<i<n-i ^ and Z • m*) ~ TL. Hence we get the 

seqnence 0 —)■ iV_ —)■ M+ —)■ Z —)■ 0 . 

This seqnence doesn’t split. Otherwise, there is some element s G M+ snch that 
(t(s) = r(s) = s, and {mi, M 2 , ..., m„_i, s} is a Z-basis of M+. 

Write s = ^i<j<„_i Oi ■ Ui + b ■ t where Oj, 6 G Z. Becanse {mi, ..., m„_i, s} is a 
Z-basis of M+, we hnd that 6 = ± 1 . 

Consider the case b = —1 (the sitnation 6=1 can be discnssed similarly). Since 
l<i<n-l Vi'Vi we hnd that Oj — 1 = On-i and On-i — 1 = Oj 

for all 1 < z < n — 1. This is impossible. 

Now assnme that n = p is an odd prime nnmber. We will show that M+ ~ V. 

By Lemma 14.31 iV_ ~ P. Tims we have a non-split extension 0 —)■ P —?■ M+ 

Z —)■ 0. Then apply the remark after Theorem 14.11 More precisely, it is proved in [Lei 
page 221 ] that, np to G-lattice isomorphisms, there is precisely one indecomposable 
G-lattice arising from extensions of Z by P, althongh Ext^jg] (Z,P) = Z/pZ by [H 
Lemma 2.1]. Since O—^P—^V—hZ—^O is a non-split extension by Theorem 14.11 we 
conclnde that M+ ~ V. 

Case 2. M_. 

The proof is similar to Case 1. Choose a Z-basis {xi :0<z<rz — l}of M_ with 

a : Xih^ Xi+i, T : Xih^ -Xn-i- 
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Define Uq = — Xn+i, t = Xn^ii, Ui = cr*(Mo) for 0 < i < n — 1. We find that 

(T : Ml IH- M2 l-t • • • l-t Un-l -(Mi + M 2 H-h M„_i), 

ft—>'t-|-Mi + M2 + ''‘ + M„_i, 

T . M2 Mti— 2 ; t I y t Ml M2 * * * Un — 1 * 

Thus Eo<i<n-i 2 ■ Ui - and M_/(Ei< 2 <n-i - ^-• 

Similarly, the seqnence 0 —)■ N+ —)■ M_ —)■ —)■ 0 doesn’t split. 

The proof of M_ ~ X when m = p is a prime nnmber is the same. ■ 

Lemma 4.5 Let N+, N_, M+, M_ he G-lattices with G = (a, r : a” = = 1, = 

a~^) ~ Dn where n is an odd integer. Then there are non-split exact sequences of G- 
lattices 0 —)• M_ Z[G/(ct)] —>■ 0, 0 —)■ X_ M+ —)■ Z[G/(cr)] —)■ 0. When 

n = p is an odd prime number, then M_ ~ Yq, M_|_ ~ Yi. 

Proof. Case 1. M+. 

We adopt the same notations xq,xi, ..., Xn-i,ui ,..., m^-i in the proof of Lemma 
WM Write M+ = (0o<2<n-i ■ Xi) ® Z ■ w with 

cr : Xj e-)■ Xj+i, w w, 

T : Xi Xn-i, w I—)■ —w + Xo + Xi + • • • + X, 2_1 

where the index is nnderstood modnlo n. 

Dehne Mq = Xn^ — x^i, t = Xn^, m* = cr^(uo) for 0 < i < n — 1. 

We claim that X]o<i<n-i Xi = nt — {n — 1)mo — (n — 2 )mi — • • • — Un- 2 - 

Since Xri^ = t, x^+i = t — uq, we hnd that Xn+s = Xn+i — mi = t — uq — ui. By 
2 2 2 2 

indnction, we may hnd similar formnlae for Xn+s,..., x„_i, xq, ..., Xn^. In particnlar, 

2 2 

Xn-3 = f — Mo — Ml — • • • — m„_ 2 . Thns the formnla of X]o<i<n-i fonnd. 

Note that {mi, ..., m„_i, t, w} is a Z-basis of M+ and 

(T : Ml I—)■ M2 • I—)■ M22 _i I—)■ —(mi + M2 + • • • + Mji-i), f I—)■ t + Mj, W ^ W, 

T ■. Ui'r^ —Un-i, f t—)■ t + Mj, tC I—)■ —W + Ml + 2 m2 + • • • + (m — 1)m„_i + Ut. 

Dehne Wq = —^^t -L w, Wi = ^^t — w. Then {mi, ... ,Un-i,Wo,Wi} is also a 
Z-basis of M+ with 

n — 1 ^—V n -\- \ ^—V 

a -.Wq^ Wq - — 2^ Ui, Mil H- Mil H- — ^ Ui, 

l<i<n-l l<i<n-l 

T : Wq ^ Wi — ^^Mi — ^^M 2 — • • • — Mn^ + Un+1 + 2Un±3 +-h ^^M, 2 _i, 

Z Z 2 2 2 ^ 

Wi Wq + ^^Ml + ^^M2 + • • • + Mn^ — Mn+3 — 2Mri+5 — • • • — ^^M 22 _ 1 . 

Z Z 2 2 2 ^ 
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Note that ^■Ui-N_ and M+/{Y.i<i<n-i ■ Ui) - ^[G/ (cr)]. It follows 

that we get an exact seqnence 0 N_ —)■ Mj_ —)■ 1j[G/ (a)] 0. 

We will show that this exact sequer^ doesn’t split. 

Snppose not. Then there exists s G M+ snch that (j(s) = s and {mi, ..., Wn-i, s, '^(s)} 
is a Z-basis of M+. 

Write s = Y.i<i<n-i aiUi+hoWo+hiWi where a*, bj G Z. Since r(s) = 
biWo + boWi for some integers a' G h, it follows that b^ — bf = ±1 (remember that 
{ui,... ,Un-i, s,r(s)} is a Z-basis of M+). It follows that the only solntions for the 
pair {bo,bi) are ( 6 o,&i) = (± 1 , 0 ), ( 0 ,± 1 ). 

We consider the situation ( 6 o,^i) = ( 1 , 0 ) (the other situations may be discussed 
similarly). Write s = X)i<i<n-i + '^o as before. Since a{s) = s, we hnd an 
identity of the ordered (n — l)-tuples : (oi, 02,..., a^-i) = ( 0 , oi, 02,..., a„_2) — 
a„_i(l, 1 ,..., 1 ) — ^^^( 1 , !,...,!). Solve Oi, 02,..., a„_i inductively in terms of a„_i. 



Hence nan-i = —{n — 1)^/2. But gcd{n, n — 1} = 1. Thus we find a contradiction. 

In conclusion, 0 —)■ —)■ M+ —)■ ^[ 6 */(a)] —)■ 0 doesn’t split. 

When n = p is an odd prime number, we get a non-split extension 0 —)■ P —)■ M+ 
1\G/{a)] —)■ 0. It is proved by Lee (see the last paragraph of jLel page 221]) that the 
non-split extensions of Z[G/((t)] by P give rise to precisely one indecomposable G- 
lattice, although Ext 2 [^](Z[G/((T)], P) ~ Z/pZ by Lemma 2.1]. Since 0 —)• P —)■ 

Yi Wj[G/ (a)] —)■ 0 is also a non-split extension, we conclude that M+ ~ Yi. 

Case 2. M_. 

The proof is similar. We adopt the notations Xq, Xi,..., x„_i, Mi, ..., Wn-i in the 
proof of Case 1. Write M_ = (0o<i<n-i ■ Xi) ® ■ w such that 


cr : Xj I— )■ Xj+i, w ^ w, 



0<i<n-l 


where 0 < i < n — 1 and the index is understood modulo n. 


Dehne Un = Xn^ — Xn+i, t = Xn^, Ui = crHun) for 0 < i < n — 1. Then 
2 2 2 ^ ^ 

{ui,..., Un-i, t, tc} is a Z-basis of M_ and 


cr : Ml M2 t • • • •—t M„_i —(wiH— • -|-m„_i), 

th^t + Ui+U2 + -- - + Un-l, W W, 


T Ui I —^ Un—i, t I —}■ —t — 


f E “<)• 

\l<i<n-l / 


w ^ w — Ui — 2 m 2 — ■ ■ ■ — {n — l)Un-i — nt. 
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Define Wq = — w, Wi = — w. We find that 

Ti — 1 —V n “t“ 1 —V 

cr : Wo H- Wo H-^ 2^ Ui, wi !-)■ wi H- — ^ Ui, 

l<i<n-l l<i<n-l 

r : Wo e-)■ Wi — ^^^Ml — — ■ ■ ■ — Un^ + Un+l + 2Mn+3 + • • • + ^^Un-1, 

Z Z 2 2 2 ^ 

Wl Wo — — ■ ■ ■ — + Mn+3 + 2Mn+5 + ' ' ' + 

Z Z 2 2 2 ^ 

The remaining proof is similar and is omitted. ■ 

Lemma 4.6 Let N+, N_, be G-lattices with G = {a, r : a"' = = 1, rcrr”^ = a~^) ~ 

Dn where n is an odd integer. Then there are non-split exact sequences of G-lattices 
0 —)■ iV+ © —)■ Z[G] —)■ Z[G/(r)] —)■ 0. When n = p is an odd prime number, then 

Y2 ~ Z[G]. 

Proof. This lemma was proved by Lee for the case when n = p is an odd prime 
nnmber in (i) of Case 1 of |Lel pages 222-224], There was also a remark in the hrst 
paragraph of [Lei page 229, Section 4], 

Here is a proof when n is an odd integer. Once the hrst part is proved, we may 
deduce the second part when n = p is an odd prime number because iV+ ~ R, iV_ ~ P 
(by Lemma 14.dh and there is a unique indecomposable G-lattice arising from non-split 
extensions of Z[G/(r)] by i? © P (see [Lil page 222]). Hence Z[G] ~ 12- 

Now we start to prove the hrst part with G = (a, r : a"' = = 1, T(JT~^ = <J~^) ~ 

Dn where n is an odd integer. 

From now on till the end of the proof, denote ^ = Cn a primitive n-th root of unity, 

P = Z[C], Po = z[C + C-'], ^=(r)- 

Step 1. Let {cr*, Wr :0<i<n — l}bea Z-basis of Z[G]. 

Let {PPi} be a Z-basis of Z[P] with aitf) = ti, r : to ti. 

Dehne a G-lattice surjection ip : Z[G] —)■ Z[P] by (p{W) = R, (p{Wr) = R. Dehne 
a G-lattice M by M = Ker((p). We will prove that M ~ © N_ (note that Z[G] is 

indecomposable). 

Dehne Ui,Vi G M as follows. Dehne uq = = q-G+T/^j- _ 

and n* = ct*(mo), D = W{vo) for 0 < i < n — 1. 

It follows that Y.o<i<n-iW = Y.o<i<n-iD = {ui,Vi : 1 < i < n - 1} is a 

Z-basis of M. Moreover, it is easy to see that cr : Uj i—)■ Ui+i,Vi 'Wj+i, t ■. Ui ^ 
Vn-i,Vi 1-4 Un-i where the index is understood modulo n. 

Step 2. 

Dehne Xi = Ui + Vi, Ui = Ui_i - Vi+i where 0 < i < n - 1. Clearly Y.o<i<n-i^i = 
X]o<i<n-i Vi ~ 0. We claim that {xi, pj : 1 < i < n — 1} is a Z-basis of M. 

Assume the above claim. Dehne Mi = ©i<j<„_iZ • Xi, M 2 = ©i<i<„_iZ • p^. It is 
easy to verify that Mi ~ and M 2 ~ N_. Hence the proof that M ~ Nj^ © N_ is 
hnished. 
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Step 3. 

We will prove that {xi, i/i : 1 < i < n — 1} is a Z-basis of M. 

Let Q be the coefficient matrix of xi, X 2 , ■ ■ ■, Xn-i, yi,..., Vn-i with respect to the Z- 
basis ui, U 2 , ■ ■ ■, Un-i, vi,..., Vn-i- For the sake of visual convenience, we will consider 
the matrix P which is the transpose of Q. We will show that det(P) = 1. 

The matrix P is dehned as 


/ 1 


P = 


P = 


P = 


\ 


-1 


-1 

-1 

0 

-1 



1 



0 

0 



-1 

V 


1 

0 

1 

1 


1 

= 3, 

5, it is of the form 




/ 1 

0 

i 1 

0 \ 





0 

1 

i 0 

1 





-1 

-1 

i 0 

-1 





\ 1 

0 

11 

1 / 





/ 1 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

-1 

-1 

-1 

-1 

0 

-1 

0 

0 

1 

0 

0 

0 

0 

0 

-1 

0 

0 

1 

0 

0 

0 

0 

0 

-1 

VO 

0 

1 

0 

1 

1 

1 

1 


In the case n = 3,5, it is routine to show that det(P) = 1. When n > 7, we will 
apply column operations on the matrix P and then expand the determinant along a 
row. Thus we are reduced to matrices of smaller size. 

For a given matrix, we denote by {Ci) its Tth column. When we say that, apply 
{Ci) + (Cl) on the Tth column, we mean the column operation by adding the 1st 
column to the i-th column. 


Step 4. 

We will prove det(P) = 1 where P is the (2n —2) x (2n —2) integral matrix dehned 
in Step 3. Suppose n> 7. 
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Apply column operations on the matrix P. On the (n + i)-th column where 0 < 
i < n — 2, apply C{n + i) — C{i + 1). 

Thus all the entries of the right upper part of the resulting matrix vanish. We get 
det(P) = det(Po) where Pq is an (n — 1) x (n — 1) integral matrix dehned as 



Step 5. 

Apply column operations on Pq. On the 3rd column, apply (03) — (Of). Then, on 
the 4th column, apply (04) — (02). 

In the resulting matrix, each of the 2nd row and the 3rd row have only one non-zero 
entry. 

Thus det(Po) = det(Pi) where Pi is an (n — 3) x (n — 3) integral matrix dehned as 



Step 6. 

Apply column operations on Pi. On the 3rd column, apply (03) — (Of). On the 
4th column, apply (04) — (02). 

Then expand the determinant along the 2nd row and the 3rd row. We get det(Pi) = 
det(P 2 ) where P 2 is an (n — 5) x (n — 5) integral matrix dehned as 
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But the matrix P 2 looks the same as Pq except the size. Done. 


Lemma 4.7 Let Mi and M 2 he G-lattices belonging to the same genus. Then Mi is 
flabby if and only if so is M 2 . 


Proof. For any subgroup S of G, Mi) is a finite abelian group. If Mi) 

7 ^ 0 for some subgroup S', then there is some prime number I such that 
'Zji[G] 0s[g] Ml) 7 ^ 0 because localization commutes with taking Tate cohomology. 
Thus P“^(S', M 2 ) 7 ^ 0 because Zz[G] ®w,[g] Mi ~ Z;[G'] ( 8 )a[G] M 2 . 

We thank Kunyavskii for providing the following alternative proof. By Roiter’s 
Theorem |CR[ page 660], there is a rank-one projective module L over Wj[G] such that 
Ml © L ~ M 2 © Z[G]. Hence the result. ■ 


Proposition 4.8 Let the notations be the same as in Theorem \4.1 
composable G-lattices which are flabby are 


Then the inde- 


Z, Z[P], v: 4 , {Yo)a, {Yi)a, {Y2)a, 
while the remaining ones are not flabby. 

Proof. Remember that Va and V belonging to the same genus (see Dehnition 14.2p . 
Apply Lemma 14.71 It suffices to check whether the following ten lattices 

Z, Z[P], R, ©0, n, R, P, X 


are flabby lattices. 

Since Z, Z[p[] are permutation lattices, they are flabby. 

By Lemma 14.41 Lemma 14.51 and Lemma 14.61 we find that V ~ M_|_, Yq ~ M_, 
Yi ~ M+, Y2 — Z[G]. M+ and Z[G] are permutation lattices. Hence they are flabby. 
As to M_ and M+. Applying Theorem 13.41 and Theorem 13.51 we find that they are 
stably permutation. Thus they are flabby also. 

Now we turn to the non-flabby cases. Since G = Dp, a flabby lattice is necessarily 
an invertible lattice by Theorem 12.61 thus it is also coflabby. In summary, if we want 
to show that a G-lattice M is not flabby, we may show that it is not coflabby or it is 
not invertible. 

For Z_, P[^{G,Z_) = Z/2Z. For, write = Z ■ w with a{w) = w, t{w) = —w. 
Apply the Hochschild-Serre spectral sequence 0 ,Z^fl^) H^{G,ZY) 

P^({cr), Because ,ZJ) = 0 and = Z/2Z, we find that 

H\G,Z_) = Z/2Z 7 ^ 0. 

For P, if P is a flabby G-lattice, then it is invertible. Restricted to the subgroup 
S = (a), R become an invertible R-lattice. 

From the short exact sequence of S'-lattices 0—)-P——)-Z—)-0 where e is 
the augmentation map, since P is S'-invertible and Z is S'-permutation, it follows that 
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the sequence splits |Lenl Proposition 1.2], Thus 1i[S] ~ i? © Z is not indecomposable 
as an S'-lattice. This leads to a contradiction. 

For P, if P is a flabby G-lattice, then it is invertible. From the short exact sequence 
of G-lattices 0 —?• P —?• Z[G/(r)] Z —>■ 0 where e is the augmentation map, since 
P is G-invertible and Z is G-permutation, the sequence splits by |Lenl Proposition 
1.2]. Thus Z[G/(r)] is a decomposable G-lattice. But Z[G/ {t)] = Ind^^ Z = M+ by 
Dehnition 13.11 We hnd a contradiction again. 

For X, we know that X ~ M_ by Lemma 14.31 Let S = (r). Regard M as an 
S'-lattice. By Definition 13.11 as an S'-lattice, M_ ~ X © Z where N is isomorphic to 
2^ copies of Z[S]. Thus = H\S,N ®Z._) ~ H\S,Z_) = ZjXZ ^ 0. 

Hence X ~ M_ is not coflabby. ■ 

Let X/fc be a Galois extension with Gal(X/fc) = where p is an odd prime num¬ 
ber. As pointed out in Section 2, if M is a Pp-lattice, then X(M)W is the function field 
of an algebraic torus defined over k, and splits over K such that the character module is 
isomorphic to M. In fact, it is not difficult to see that, if M and N are Pp-lattices with 
[MY^ = [NY\ then K{M)^p and K{N)^p are stably isomorphic, i.e. there exist al¬ 
gebraically independent elements Xi,..., X^ over K{M)^^ and algebraically indepen¬ 
dent elements W,..., W over X(X)W such that K{M)^p{Xi, ..., Xm) — K{N)^p{Yi, ..., X„) 
over k (use |Sw2( Lemma 8.8] and Proposition I6.3|l . In short, the birational classifica¬ 
tion of algebraic tori split by a Galois extension with group Dp up to stable isomorphism 
is classified by the abelian monoid (see Section 2). For details, see the paper of 
Endo and Miyata |EM2] : also see the papers |Sw2] and |EK] . 


5. The relation modules 


Recall the relation module in Section 1. 

Lemma 5.1 Let G be a finite group, 1—?-P—)-P—)-G—)-l be a free presentation of 
G where F is a free group of finite rank. Then R is a free group of finite rank and 
is a faithful G-lattice, i.e. if g E G and g ■ x = x for any x E then g = 1. 

Proof. P is a free group of finite rank by the Nielsen-Schreier Theorem |Kur[ page 
36]; later we will exhibit a free generating set of R as indicated in |Mal Theorem 8.1]. 
Since R is free, is a free abelian group of finite rank. Thus is a G-lattice. It 
is a faithful G-lattice by [Pa]; the faithfulness can be proved by using a theorem of 
Gaschiitz (see mi page 8]). ■ 

Lemma 5.2 Let G be a finite group, 1—)-P—)-P—)-G—)-l be a free presentation of 
G where F is a free group of rank d. Let Iq ■= Ker{Z[G] Z} be the augmentation 
ideal ofZ[G] where ^(EgeG^ff ' d) = Y.gec'^a- 
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(1) There is a short exact sequence of G-lattices 0 —)■ —)■ —)■ Jg —)■ 0. 

(2) Write ■.= Ig®'eIg- T/ien ~© Z[G]('i), 

Proof. (1) By |HS[ page 199, Corollary 6.4], we have a short exact sequence 0 —)■ 
j^ab ^\^G\ ©a[F] Ip ^ Ig ^ 0. Since Ip is a free Z[F]-module of rank d by [HSl page 
196, Theorem 5.5], we hnd that Z[G] ©s[f] Ip — 

(2) Tensor 0 —)■ Jg —)■ 2[G] —)■ Z —)■ 0 with Iq over Z. We get 0 —?• —)■ 

'Zj[G]®’z,Ig —)■ /g —^ 0. For a Z[G]-module M, write Mq the underlying abelian group of 
M; thus Mo becomes a trivial Z[G]-module. By jHS] page 212, Lemma 11.7], the Z[G]- 
modules 'L[G]®'^Ig and 'L[G]®’e{Ig)o are isomorphic. Hence Z[G]©a7G — 

In summary, we have two short exact sequences 0 —>■ —?■ Jg —)• 0 and 

0 —)■ —)■ —)■ Jg —)• 0. Apply Schanuel’s Lemma. Done. ■ 

Remark. From Part (1) of the above lemma, we may determine the rank of the free 
abelian group This is also the rank of i? as a free group; thus we find a proof of 
Schreier’s Theorem |Knr| page 36] by homological algebra. 

Lemma 5.3 Let G be a finite group, 1—)-Ri—)■! and 1 ^ R 2 ^ F 2 ^ 
G ^ 1 be two free presentations of G where Fi is a free group of rank di for i = 1, 2. 
Then Rf © ^[G']^'^^) ^ ^a6 ^ 2 [G'](di), 

Proof. By Lemma [5.21 we have exact sequences of G-lattices 0 —?■ —?• 

Jg —)■ 0 for i = 1, 2. Apply Schanuel’s Lemma. ■ 

Lemma 5.4 Let G be a finite group, 1—?-i?—)-F—J-G—?-l be a free presentation of 
G where F is a free group with finite rank. Then is a coflabby G-lattice. 

Proof. It suffices to show that H^{S,R°‘^) = 0 for any subgroup S of G. From 
the exact sequences 0 —)■ —)■ h [G]—)■ Jg —)■ 0 of Lemma 15.21 and 0 —)■ Jg ^ 

Z[G] ^ Z ^ 0, we find that H\S, ~ H\S, Ig) ^ H-\S, %), which is the trivial 
group. ■ 

Lemma 5.5 Let G = Dn be the dihedral group of order 2n where n > 2. Let l—)-i?—)- 
F —)■ G ^ 1 be a free presentation where F is a free group of finite rank. 

(1) If n is odd, then is an invertible lattice. 

(2) If n is even, then is coflabby, but is not flabby. 

Proof. (1) Suppose n is odd. Then all the p-Sylow subgroups of are cyclic 
groups. Hence we may apply Theorem 12.61 Thus [IgY^ is invertible. 

On the other hand, from Lemmawe get 0 —)■ —)■ Z[G]’^'^i —)■ Jg —t 0. Taking 

the dual lattices, we get 0 ——)■ —)■ 0. By Lemma l5^ is 

coflabby. Hence is flabby. Thus 0 —Z[G]’^'^i —)■ —)■ 0 is a flabby 

resolution of Iq, i.e. [Ig\^'‘ = [(i?“^)°]. 
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Since [IqY^ is invertible, it follows that is invertible. Hence there is some 

permutation G-lattice P such that © P is an invertible lattice. Thus © 

P© M = Q for some G-lattice M and some permutation G-lattice Q. Taking dual, we 
hnd that is invertible. 

(2) By Lemma 15.41 is coflabby. We will show that it is not flabby. Since n is 
even, the subgroup S = (r, exists and is isomorphic to C 2 X C 2 . We will show 
that H-\S,R^Y Y 0. 

From the exact sequences 0 —)■ —)■ Jg —)• 0 and 0 ^ Iq ^ 'Zi[G] ^ 

Z ^ 0, we hnd that H-\S,R^Y - H-^SJc) ^ = ^2(5, Z) ~ Z/2Z by 

[HSl page 223, Theorem 222], because Hi{G 2 , Z) ~ Z/2Z, ^ 2 ( 1 ^ 2 , Z) = 0. ■ 

Theorem 5.6 Let G be any finite group, 1—)-P—)-P—)-G—)-l be a free presentation 
where F is a free group of finite rank. Then is a stably permutation G-lattice (i.e. 
there are permutation G-lattices Pi and P 2 such that © Pi — P 2 ) if and only if 
G is isomorphic to the cyclic group Gn where n is any positive integer, or the group 
{p, a, r : p™ = a"' = = 1, pa = ap, pr = rp) where m and n are odd 

integers, n > 3, d > 1 and gcd{m, n} = 1. 

Remark. In Theorem 15.81 where G = Dn {n is odd) and the free presentation is that 
in Dehnition 11.11 we will construct explicitly the permutation lattices Pi and P 2 . 

Proof. Let d be the rank of the free group P. By Lemma 15.21 we have an exact 
sequence 0 —)■ —)■ —)■ Jg —t 0. Taking the dual of this exact sequence, we 

0 ^ (Jg)° ^ 'Z[G]^^'> {R^Y^ 0. 

By Lemma l5^ (P“^)° is habby. Thus the above exact sequence is a habby resolution 
of (Jg)°, i.e. [(Jg)°]^' = [(P“')°]. 

On the other hand, [(P“^)‘’] = 0 if and only if there are permutation lattices Qi 
and Q 2 such that © Qi ~ Q 2 . After taking the dual lattices, this is equivalent 

to that is stably permutation. 

Apply Theorem 12.71 Done. 


Now we will turn to hnding the free generators of P in a free presentation 
P ^ G —>■ 1 where G is a finite group and P is a free group of rank d. 

It is known that P is a free group of rank 1 + (d — 1) • |G| by Schreier’s Theorem 
[Kurl page 36]. Let si, S 2 ,..., be the free generators of P. Then the free generators 
of P can be found as follows (see [m 3 pages 205-207]). 

We choose a Schreier system E. S is a subset of P such that 1 G E, |S fl Rx\ = 1 
for any x E F, and some other properties are satisfied (see [Mai page 205]). 

Dehne a function <F : P —)■ E such that e{x) = £(<F(x)) for any x E F. 

Then the free generators of P can be chosen as usi^{usi)~^ where mgE, l<i<d 
and usi^{usi)~^ Y 1 (s®® [Mai p.206. Theorem 8.1]). 

In Definition 11.11 we consider a particular free presentation 1 —)■ P —)■ P Dn —)■ 1 

where Dn = {a,T ■. a'^ = = l,rcrr“^ = cr“^), P = (si,S 2 ) is the free group of rank 
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two, and £(si) = a, £(s2) = r. It is routine to verify that S = : 0 < z < n — 1 , 

0 < j < 1 } is a Schreier system of this free presentation. Hence the free generators of 
R can be chosen as 

(1) s”, (1 <*<■«- — 1), (0 < z < u — 1). 

We replace the generator S2Sis^^Si in ([T]) by S2Sis^^S;^ *•” • s" = S2Sis^^si. 

Hence we get the generators a, 6*, q (0 < z < rz — 1 ) of R where 

(2) a = s”, = SiS2SiS^^s7^*“^\ q = s^s^sh*. 

For any x E F, x acts on i? by x • a • x~^, x ■ hi ■ x~^, x ■ Ct ■ x~^. It is not difficult 
to verify that Si and S2 act on these generators by 

( 3 ) Si : a I—)■ a, bi+i if 0 < z < rz — 2 , bn-i abQa~^, 

Ci Cj+i if 0 < z < zz — 2, Cn-i acoo”^, 

( 4 ) S2 : a !-)■ hQa~^hn-ihn-2 • ■ ■ coq hi ^ hQa~^ Cn-iac^^, 

bi ^ hoa-^hn-ihn -2 ■ ■ ■ hn-i+iCn-iC~^-i+ih~\i+ 2 K \+3 ■ ■ ■ 

(where 2 < z < zz — 1), 

Co I—Co, Cl I—)■ {boa ^)cn-i{biia 

Ci I ^ {bud bji—ib ^_2 ■ ■ ■ &}^_i-|-i)c^_i(6o® ^n—l^n—2 ' ' ' ^n—i+l) 

(where 2 < z < zz — 1). 

More explicitly, if zz is odd, the action of S2 on 62, &3, • • •, bn-i is given by 
62 6oa"^fen-lCn-2C“lia6o \ 


I—t 60® ^bn-lbn-2 ■ 

2 

■ ■ bn+3 Cn+1 Cr,+.q &r. + R ■ 

2 2 2 2 

■ ■ K\o,K^ 

bn+1 1—)■ dgO ^bn-lbn—2 ' 

■ ■ fen+l Cn^;! C„+1 &„+3 ■ 

■ ■ K-io.K^ 

2 

2 2 2 2 

bn+3 h-^ boa~^bn-ibn-2 ■ 

2 

■ ■ bn^Cn^Cn-l hn+1 ' 

2 2 2 2 

■ ■ KUaho^ 


bn-i ^ boa ^bn-ibn -2 ■ ■ ■ &2C1C2 b^\ahQ h 


Lemma 5.7 Let 1 —?■ i? —?• F Dn 1 be the free presentation of = {a, r : 
a'^ = = l,TaT~^ = a~^) in Definition li.il Then is a Dn-lattice with = 

Z ■ d © (0o<i<n-i ^ ■ &i) © (0o<i<n-i ^ ‘ ©) ocUons of (j ozzd r on are g’zzzezz 
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by 


(7 CL i —y Cl, 6 q I —y bi I —y * * * i —y 6^—i ■—y bo^ cq i —y ci i —y * * * i —y c^—i ■—y cq, 
T : a —a + ^ ^ bi, bo ^bi cq — Ci, 6i i—)■ 6o + c^-i — cq, 

0<i<n-l 

IH- bn-i +1 + - Cn-i+1 for 2 < i < n - 1, 

Co H- Co, Ci !-)■ c„_i /or 1 < i < n - 1 . 


Proof. Let d, bi, Ci be the images of a, bi, Ci in the canonical projection R = 

R/[R, R] where a, bi, Ci are dehned in ([2]). The actions of a and r on follow from 
Formulae ([3]) and dH). ■ 

Theorem 5.8 Let R°'^ be the relation module of thejree presentation ofDn in Defini- 
tion \l.l\ Ifn is an odd integer > 3, then ~ M+©M+ where M+ and M+ are the Dn- 
lattices in Definition \3.1\ and Definition \3.3[ ThusR°‘^®Tj ~ Tj[Dn/{(T)]®"^[Dn/ 

Proof. Once we prove ~ M+ © M+, then identity Z ~ 'Z[Dn/{cr)] © 

lilDn /follows from Theorem 13.41 because M+ = Ind^" Z ~ Z[Zi)„/(r)] by dehni- 
tion. ^ 

It remains to prove the identity ~ M+ © M+. 

Step 1. Recall the n x n matrices A and B in Dehnition 13.11 Dehne to be the 
identity matrix of size n, and dehne to be the n x 1 matrix all of whose entries are 
equal to 1. Dehne C to be the n x n matrix 


/ 


C = 


1 

V-1 


1 

-1 


1 

-1 


-i\ 





0 

1 / 


For examples, when n = 5, O is equal to 

/ 0 0 0 1 -l\ 

0 0 1-10 

0 1-10 0 

1-10 0 0 

^-1 0 0 0 1 y 


Step 2. Write the actions of a and r on with respect to the ordered basis 
bi,..., bn-i, feo. Cl,..., c„_i, Co, d. It is easy to verify that 


a 


A 0 I 
0 A i 



^ dT2„+i(Z), 


r I—)■ 




£ dT2„+i(Z). 
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It is easy to check that C = B — AB. 

We will change the basis of in the following step so that the actions of a and r 
correspond to the matrices 




^B 


A 0 
0 1 . 


and 


B 1, 

0 - 1 . 


Compare with the matrix forms of M_|_ and M_|_ in Definition 13.II and Definition 13.31 
We hnd that ~ M_|_ © M+. 

Step 3. Remember A'^ = B'^ = [AB^ = In- Thus BA = A~^B and A~^ = A^. 
Dehne 

In 0 

Fi = I 4 - 4 


Then we find 


/A 0 

Pi- q^i 

MR 0 ' 
Fi ■ I C B ^ 






A 

0 1 

0 

A 

-+ - 

1 

AB 

1 

0 

0 

B 




Define 



Then we find 



Fo • 0 B 


P3 = 



Define 























We finally get 


M 0 i \ 0 i \ 

/B o\ \ 

■4'= ( o_4j.!n| • ■ 

Theorem 5.9 Let be the relation module of the free presentation of Dn in Def¬ 
inition \1.1[ // n = 2* where t is any positive integer, then is an indecomposable 
Dn-lattice of rank 2n + 1. 


/B 0 i 1„\ 


Proof. Write Z 2 for the ring of 2-adic integers. Write A = Wj[Dn], M = R°^. Let 
A = ^2 < 8 )z A, M = ^2 ®'E M. By [CRl page 36, Theorem 2.38], Z 2 < 8)2 EndA(M) ~ 
End^(M). Dehne E = End^(M). 

We will show that E/rad(E) ~ Z/2Z where rad(E) is the Jacobson radical of the 
ring E. Then M is indecomposable by |CR1 pages 633-634, Theorem 30.27] (in fact, 
M is absolntely indecomposable). Conseqnently M is also indecomposable. 

Step 1. By Lemma Isn M is a free 'Zi 2 -^odule with basis a, 6 ^, Cj where 0 < i < n—1. 
If / G E = End^(M), we will like to see what / looks like in term of these basis 
elements. 

Recall the matrices A, and in the proof of Thoerem 15.81 Dehne Jn to be 
an n X n matrix over Z, each of whose entries is 1. Note that = X]o<i<n-i 

A-= 4 . 

Given elements Po,Pi, ■ ■ ■ ,Pn-i e ^ 2 , dehne p{A) = = 

Similarly, if qo,...,qn-i G Z 2 , dehne q{A) = Z]o<i<n,-i q{A~^) is obtained 
form q{A) by replacing A by A~^. We may dehne r(A),s(A) by the same way, once 
ro,..., Vn-I, So,..., Sn-i G ^2 are given. 

Step 2. Note that a ■ d = a by Lemma 15.71 If / G E = End^(M), we hnd 
/(a) = a ■ /(a). Thus /(a) = a ■ d + /3 ■ Eo<i<n-i + 7 ' Eo<*<n-i D for some 
a, l3,'y ^ ^ 2 . 

Suppose that f{bo) = 6 -dR Y.o<i<n-iPi ' + Eo<*<n-i ' D and /(cq) = e-dR 

^ 0 <i<n-i D ■ + Z]o<i<n-i ■ G for some 5, e, Pi, qi, Vi, Si e '^ 2 - By Lemma [O again, 

bi = a'- ■ bo and Ci = ■ cq. Thus f(bi) = a* • f(bo) and /(q) = a* • /(cq). 

Thus / may be presented as E, an {2n -|- 1) x ( 2 ? 7 , -|- 1) matrix over Z 2 with respect 
to the ordered basis hi,, bn-i,ho, Ci,..., c„_i, Cq, d, 



/ p{A) 

r(A) 1/3-1. 

(5) 

E = q{A) 

s(A) 7 - 1 , 


\6 • *ln 

e• *ln 1 a 
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where is the transposed matrix of 1„. 

Because f{T-u) = t ■ f{u) for any u G M, the matrix F will satisfy additional 
conditions. In Steps 3-5, we will show that 5 = £ = 0 and 


( 6 ) 


r{A) = r'{A) -f xJn, s(A) = p{A -1- s'(yl) yj, 


where x,?/ G Z 2 and r\A) and s'(yl) will be defined as follows. 
If n = 2, define r'{A) = 0 and s'(A) = q{A). 

If n > 4, define 


(7) 

and 

( 8 ) 


r\A)= ^ + + + + 

l<i<n—1 


s'(yl)= qi-{A-^ + + ■■■ +A^-^ + A^). 

0<i<n-l 


Step 3. Recall the action of r on M. From Step 2 of the proof of Theorem 15.81 the 
action of r corresponds to the following matrix T 


AB 


0 I 1. 


T = \ B-AB B 


I -F 


Since /{r ■bi)=T- f(bi), /(r • q) = r • /(F) and fir ■ a) = r ■ /(a), it follows that 
FT = TF. In computing the entries of FT and TF, we use the relation A - B ■ p{A) = 
A ■ p{A~^) ■ B, because B ■ A ■ B~^ = A~^ (see Definition 13.ip . 

Compare the entries of FT and TF. We find that 


(9) 5 = e = 0, a + 2l3= Y Pi^ ^7 = ^ qi, 

0<i<n—1 0<2<n—1 

( 10 ) p{A) ■ A + r{A) ■ {1 — A) = A ■ p{A~^), 

(11) r{A) = A ■ r{A~^), 

(12) q{A) ■ A + s(A) ■ (1 - A) = (1 - A) ■ p(R”^) + g(A“^), 

(13) s(A) = (1 — A) ■ r(A~^) + s(A~^). 

In Step 4, we will solve fITU]) and fITT]) to obtain the formulae ([7]) and ([H]), and solve 
firSj) and ffT3|) to obtain the formulae ([8]) and ([6]). 

Step 4. The idea of solving flTOj) and (ITT]) is similar to that of solving differential 
equations: We find a particular solution r'(A) and then find the general solution r(A). 
From the formula (fTOj) . we find 

-1^ 


(14) 


r(A)-(l-A) = A-p(A-^)-A-p(A) = A- Y - A^) 

(1-R) pi{A + A-^+^){l + A + --- + A^-^) 
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When n = 2, define r'{A) = 0. When n > 4, define 


r\A)= Pi-{A + A-^+^){l + A + --- + A^-^). 


When n = 2, r\A) is a solution of (1T0|) when we substitute r{A) by r\A), because 
A = A~^. When n > 4, r'{A) is also a solution of (ITOH by the formula (fT4|) . 

It is easy to show that r'{A) is a solution of the formula flTTH . i.e. r'{A) = A-r'{A~^). 
Now we will find a general solution of (ITUD and flTT]) . Suppose that r{A) satisfies (ITU]) 
and (ITTD . Define r"{A) = r{A) — r'{A) G 'Zi 2 [A]. Then we find that r"{A) • (1 — A) = 0 
and r"{A) = A ■ r"{A~^). 

From r''{A) • (1 — A) = 0, we find that all the columns of r''{A) are the same (when 
we regard r''{A) as an n x n matrix over Tj 2 )- On the other hand, by the definitions of 
r{A) and r\A), it is easy to see that A ■ r{A) ■ A~^ = r{A) and A ■ r\A) ■ A~^ = r\A). 
Thus A ■ r"{A) ■ A~^ = r"{A). This implies that the entries of the first column of 
r''{A) (and thus the entries of all the columns of r"{A)) are the same. It follows that 
r'\A) = xJn for some x G ^ 2 - 

Since Jn = = xJn clearly satisfies the formula r'\A) = A ■ 

r"{A-^). 

Step 5. We will solve 5(^4) for the formulae flT^ and flT^ after r{A) is solved and 
is fixed. 

When n = 2, it is not difficult to show that s(y4) = p{A) + q{A) + y ■ J 2 for some 

y £ ^2- 

From now on, we assume that n > 4. 

We first rewrite flTOll as 

^(^4“^) • A~^ + r(74“^)(l — A~^) = A~^ ■ p{A). 

Multiply both sides by A. We find that 

(15) p{A~^) — p{A) = {1 — A) ■ r{A~^). 

Suppose that q{A) = J2o<i<n-i where qi G Z 2 . Then q{A~^) — q{A) ■ A = 

Eo<i<n-l (li^~'-J2o<i<n-l = (1-^) Eo<*<n-l (41"*' -AA^-^ + A^). 

In order to solve the formula (IT^ . define 

s\A)= Y, g..(yl-' + yl-(*-i) + --- + W-i + W). 

0<i<n-l 

Clearly, p{A~^) + s\A) is a solution of 5(^4) for the formula flT^ . It is also a solution 
for the formula flT^ . because s'(74) — s'(74“^) = 0 while ^(A”^)—p(y4) = {l — A)-r{A~^) 
by the formula ([15]). 

As in Step 4, define s"(A) = s(A) —p{A~^) — s'(A). We get s"(A) • (1 — A) =0 and 
s"(A) = s"(A-i). 
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The proof is almost the same as in step 4. We hrst show that s''{A) = y ■ Jn for 
some y G Wi 2 - Then s"(yl) satishes s"(A) = 

Step 6. From the above discussion, we conclude that, if f E E, then / corresponds 
to the following matrix 


(16) 

/p(A) r(A) /3-l„ 
E = q{A) s(A) 7 ■ 


\ 0 Ola 


where r[A) and s(74) are dehned by the formulae ([6]), ([7]), (IH]). Note that the parameters 
a, /9, 7 , x, y. Pi, Qi G Ta 2 are determined by /. 

Dehne a ring homomorphism (p : E ^ TLj^TL by (p(f) = a (mod 2 ^ 2 ). Dehne 
I = Ker(v7). Then E/J ~ 1/21. 

1/21 may be regarded as an F^-module through p. It is a simple F^-module with 
/ = axmEili/21), the annihilator of 1/21 in E. Write rad(i?) for the Jacobson radical 
of E. By [CR,( page 104] rad(i?) = where X runs over all the simple 

F'-modules. Thus / D rad(i?). 

We will show that I C rad(i?) in Step 8. Hence I = rad(i?) and E/ rad(F^) ~ 1/21 
as we expect at the beginning. Thus M is indecomposable. 

Step 7. Write p{A),q{A),r{A), s{A) in the formula flT^ as the “standard” forms, 
i.e. r{A) = X]o<i<n-i where r* G I 2 (we will not use formulae ([H]), (E]), dH) at 
present). 

We claim that, if a G 2^2, then all of Eo<i<n-i Pi^ Eo<i<n-i Eo<i<n-i Eo<i<n-i ^ 
belong to 2 ^ 2 . 

This is clear for J2o<i<n-iPi Z]o<i<n-i ^y the formula ([9]). 

As to J2o<i<n-i'^i J2o<i<n-i cousider the ring homomorphism vr : 12 [A] —)■ 

I 2 dehned by vr(A) = 1 E 1. Obviously, 7r(r(A)) = J2o<i<n-iE- On the other hand, 
apply formulae dH]) and (jZI)- We hnd that 7r(r(A)) = 7r(r'(A) + xJn) E 2 I 2 because 
n = 2h Similarly, Eo<i<n-i-Si ^ ^^ 2 - 

Assume a E 2 I 2 again. In the ring 1/21[A], = (X]o<i<n-i = 

= Y.Q<i<n-iPi^n = 0 because n = 2* and A" = /„. Similarly, q{Af' = 
r(A)2‘ = s{Af" = 0 in 1/21[A]. 

Step 8. We will show that, if / G / (recall that / = Ker((p) is dehned in Step 6), 
then G 2E. 

In the (2n + 1) x (2n + 1) matrix ring over 1/21, if / G /, use the standard form 
of / in the formula ffT6|) . We hnd 


piA) 

r{A) 1 /3 • ln\ 

/ p{AY + q{A)r{A) 

p{A)r{A) + r(A)s(A) 

{/3p 

+ 'yr) ■ In 

q{A) 

05 

s 

1=1 

3 

= 1 p{A)qiA) + q{A)s{A) 

s(A)^ + q{A)r{A) 

(/9g 

+ 7s) ■ In 

0 

Ola/ 

\ 0 

0 


a^ 
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where p X]o<i<n-l Piy ^ ~ X]o<i<n-l ^ ~ Y2o<i<n-l ^ ~ '^ 0 <i<n-l ThuS 

/p{A) r{A) / p{A)^ + q{A) ■ r{A) r(A) ■ (p(A) + s(A)) | 0\ 

g(A) s(A)j 7 -l„ = g(A) ■ (p(A) + s(A)) s{Af + q{A) ■ r{A) |_0 . 

V " 0 o” T ""a" / \ o’ ’o’ I ’ 0 / 

Since = q{AY^ = r{Ay*' = s{A)‘^^ = 0 in TLlTIL\A\, we find that 

lp{A) r{A) \ (3 ■ fa 6 | 0\ 

q{A) s(A)J 7 -l„ = c d|0 . 

V ” 0 ’ 0 ” T ”a” / \0 'o’ j ’ 0 / 

where a, h, c, d are “homogeneous polynomials” in p{A), q{A),r{A), 5(^4) with degree 4 • 
2*. Thus each term of a, b, c, d should be a multiple of one of p{AY , q{Ay , r{AY , s(A)^ . 
Thus, each term of a, b, c, d becomes zero in Z/2Z[y4]. 

We conclude that, if / G /, then G 2E. 

Now it is easy to see that / C rad(i?). 

Since is a Z 2 -algebra, it follows that the two-sided ideal 2E is contained in rad(i?) 
by [CRl page 112], Let ip : E ^ Ej2E be the canonical ring homomorphism. Note 
that rad {E j2E') = rad(T^)/2ii^. If ipil) C rad {E j2E')^ then / -|- 2E j2E = ip{I) C 
Tad{E)/2E. Hence / C rad(T^). 

Note that we have proved that, if / G /, then ip{f) is nilpotent in Ej2E. Hence 
1 — '0(/) is invertible. By [CRt page 106] we find that ip{I) C rad (i?/2E). ■ 


6. Rationality problems 


Let k <Z L he a field extension. Recall the definition that L is fc-rational (resp. 
stably /c-rational, retract fc-rational) in Definition 12.41 

Definition 6.1 Let G be any finite group, k be any field. Let k{xg \ g & G) he 
the rational function field in |G| variables over k with a G-action via /c-automorphism 
defined hy h ■ Xg = Xhg for any h,g ^ G. Define k{G) := k{xg : g G G)^ the fixed field. 
Noether’s problem asks whether k{G) is fc-rational |Swlj . 

The following two results are useful in the investigation of Noether’s problem and 
related rationality problems. 

Theorem 6.2 f |CHKl Theorem 2.1]) Let L be a field and G be a finite group acting 
on L(xi,... ,Xm), the rational function field of m variables over L. Suppose that 

(i) for any a E G, <j{L) C L; 

(ii) the restriction of the action of G to L is faithful; 
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(iii) for any a E G, 


( cr(a:l)^ 


f Xi\ 






\Xm) 


where A{a) G GLm{L) and B{a) is an m x 1 matrix over L. Then L{xi,... ,Xm) = 
L{zi,..., Zm) where a{zi) = Zi for any a E G, any 1 < i < m. In particular, 
L{xi, . . .,Xm)^ = L^{Zi, ...,Zm)- 

Proposition 6.3 Let G be a finite group, M be a G-lattice. Let k'/k be a finite Galois 
extension such that there is a surjection G —)■ Gal{k'/k). Suppose that there is an exact 
sequence of G-lattices 0 —)■ Mq —)■ M —)■ Q —)■ 0 where Q is a permutation G-lattice. If 
G is faithful on the field k'^Mo), then k\M) = /c'(Mo)(a;i,... ,Xm) for some elements 
Xi, X 2 , ■ ■ ■ ,Xm satisfying m = rank^ Q, cr(xj) = Xj for any a E G, any 1 < j < m. 

Proof. Note that the action of G on k'{M) is the purely quasi-monomial action in 
Dehnition I2.11 

Write Mo = 0i<j<„ ’L ■ Ui, Q = 0i<j<m ^ Choose elements Wi,... ,Wm ^ M 
such that Wj is a preimage of Vj for 1 < j < m. It follows that {ui ,..., tCi,..., Wm} 
is a Z-basis of M. 

For each a E G, since Q is permutation, cr(wj) — Wi E Mq for some Wi (depending 
on j). In the field k'{M), if we write k\M) = k{ui ,..., Wi ,..., Wm) as the rational 
function held in m + n variables over k', then cr{wj) = aj{a)wi for some 0 !j(a) E k'{Mo). 

Since G is faithful on k'{Mo), apply Theorem 16.21 ■ 

Theorem 6.4 Let 1 —)■ i? —)■ F -E- 1 be the free presentation of in Defini¬ 

tion \1.1[ Let k'/k be a finite Galois extension such that there is a surjection Dn —)■ 
Ga\{k'/k). Assume that n is an odd integer > 3. Then ~ 

where t is an element transcendental over k{Dn). Consequently, if k{Dn) is rational 
over k (e.g. (n + Cn ^ ^ ^ where (n is a primitive n-th root of unity), then is 

rational over k. On the other hand, if K/k is a Galois extension with — Gal(iF//c), 
then is rational over k. 

Proof. Step 1. First of all, we explain how the last two assertions follows from 

If fc = k', then = k'{fL[Dr)\)^^{t) = k{fL[Dr])^"{t). Note that the hxed 

held k{fL[Dj)\)^^ is nothing but k{Dn) in Dehnition 16.II It is known that, if Cn+Cn ^ ^ 
then k{Dn) is fc-rational (see |CHKl Proposition 2.6]). Hence the result. 

lik' = K and Dn ~ Gal(iF/fc),theniF(F“'')^" = K{fL[Dn])’^-{t). Since iF(Z[D„]) = 
K{xi,X 2 , ■ ■ ■ ,X 2 n) by Proposition 16.31 where g ■ Xi = Xi for all g E Dn and 1 < i < 2n. 

Thus = iF^"(xi, . . .,X2n) = k{Xi, . . .,X2n)- 

Step 2. In the sequel, we will show that k'{R^^)^'^ = fc'(Z[D„])^"(t). 


34 

















By Theorem 15.81 = k'{M+ © M+). Since M+ is a faithful D^-lattice, 

the action of Dn on is faithful. By Proposition 16.31 k'{M+ © = 

k'{M+)^"{xi, ..., Xn). _ _ 

By Proposition 16.31 again, k'{M^ © = k'(t) . Hence k'{R^^)^" = 

/c'(M+)^"(a;i, ...,Xn) ~^(M+ © .. .,yn-i)- 

From Theorem 13.41 M_^_ © Z ~ 1i[Dn/(cr)] © 1i[Dn/{T)]. Note that 1i[Dn/{ t)] is a 
faithful D^-lattice. Hence/c'(M©Z)'^’*(?/i,..., = /c'(Z[Zi)„/((T)]©Z[Zi)„/(r)])^"(?/i,... 

yn-l) = fc'(Z[T>n/(r)])^"(tl,t2,2/l, • • • ,1/n-l)- 

Step 3. Consider k'^ZlDn])^"-- Note that k'{1i[Dn]) = k'{x{a^), x{aW) : 0 < i < 
n — 1) where g ■ x(a^) = x{ga^), g ■ x{aW) = x^ga^r) for any g G Dn- 

Dehne Zi = x(a^) + x(crV) for 0 < i < n — 1. Then the actions of a and r are given 
by 


(T Zq I —y Zi I —y ■ • • I —y Zn—l I—t Zq, 

r : ^0 t Zq, Zi I—)■ Zn-i for 1 < i < n — 1. 

In other words, k'{zi : 0 < i < n — 1) is D^-isomorphic to k'{Wj[Dn/ (t)]). 

Moreover, a ■ x{a'^) = x((T*+^), r • x{a^) = a;(cr”“V) = —+ Zn-i- Thus we 
may apply Theorem 16.21 to = k'{zi,x{a’‘) : 0 < i < n — 1)-^". It follows 

that k'{Ij[Dn\)^^ = k'{zi : 0 < i < n-l)^”{ui, ...,«„) = k'{'Z[Dn/{T)])^”{ui,.. .,Un). 

From Step 2, it is easy to find that ~ k'{1i[Dn/yi, ■ ■ ■ ,1/n-i) 

~ ~ k'mDn])^-{t). Done. ■ 

Theorem 6.5 (Snider [S^ page 288]) Let I ^ R ^ F Dn ^ I be the free 
presentation of Dn in Definition M.li Assume that n = 2. For any field k, k{R°‘^)^'^ is 
rational over k. 

Proof. The following proof is different from that in |Snj . 

By Lemma 15.71 = Z- a©Z- 6 o®Z-&i©Z-Co©Z-Ci. 

Dehne Mi = {a: G : (X]gei:)2 5') ' ^ = 0}; ^2 = R°‘’^/Mi. Then 0 —)■ Mi ^ 
p^ab Q ig a short exact sequence of Z[D2]-lattices. Note that M2 is a trivial 

Z[D2]-lattice because of the dehnition of Mi. 

It is not difficult to show that Mi = Z ■ (a — 60) ® ^ ■ (^0 “ ^1) ® ^ ■ (co — ©). Hence 
ranks Mi = 3, ranks M2 = 2. It follows that M2 ~ 

By Proposition 16.31 = k{Mi)^^{xi, X 2 ). On the other hand, D 2 acts on 

k{Mi) by purely monomial fc-automorphisms in the sense of |HK] . By [HKj . k{Mi)^^ 
is fc-rational. ■ 

Theorem 6.6 Let 1 —?• i? —)■ F —)■ Dn —?• 1 6e the free presentation of Dn in Defini¬ 
tion n Assume that n is an even integer > 2 and K/k is a Galois extension with 
Ga\{K/k) = Dn- Then is not retract rational over k; in particular, it is not 

stably rational over k. 
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Proof. Let 0 —)■ —)-P—)-Obea flabby resolution of where P is a 

permutation lattice and P is a flabby lattice. 

Suppose that is retract rational over k. Then E is an invertible lattice 

by Theorem I2.5[ 

Note that is a coflabby lattice by Lemma 15.51 In the exact sequence 0 
R^b p ^ 0 , since is coflabby and E is invertible, this exact sequence splits 

by |Len[ Proposition 1.2]. Hence P ~ © E. It follows that is invertible; in 

particular, is flabby. But this is impossible because of Lemma 15.51 ■ 


Remark. For any held k, there are held extensions k (Z K (Z L such that K is k- 
rational, L is not retract P-rational, but L is still fc-rational. 

In fact, take the group D 2 and consider Dehne L = k{R°‘b © ^[^ 2 ])"^^ K = 
k{W\D 2 \)^^. Since the group D 2 acts faithfully on k{R°‘b'^, we may apply Theorem 16.21 
to the held © ^[Pa]). Thus L = k{R<^b ^ ^ 02 ])^^ = k{R<^b^^^(^ti, ... ,^ 4 ). Since 
k{R°‘b)D 2 jg /;;-rational by Theorem 16.51 Thus L is fc-rational. Clearly K = 
is fc-rational, a well-known result in Noether’s problem. 

On the other hand, L = k{R°‘b 0 2 [P 2])^2 pg regarded as a function held of an 
algebraic torus over K = ^(^[Pa])'^’^, which is split by a Pa-extension with character 
module P“^. By Theorem 16.61 L is not retract P-rational. 


Proof of Theorem \1.3\ and Theorem \1.4 


Consider Theorem 16.41 Theorem 16.51 and Theorem 16.61 Note that /c(Z[P„])^" ~ 


k{Dr, 


The method in the proof of Theorem 16.41 may be applied to other rationality prob¬ 
lems. We record one of them in the following. 

Theorem 6.7 Let k he any field, G = {a, r : = R = l,TaT~^ = a~^) ~ P^ 

where n > 3 is an odd integer. Define an action of G on the rational function field 
k{xi,X 2 , ■ ■ ■ ,Xn-i) through k-automorphisms defined by 


a : xi X2 ^ ^ Xn-i i-t l/(a:ia;2 • • • Xn-i), 

T : Xi ^ Xn-i. 


Then k{xi ,..., Xn-i)^ is stably k-rational if and only if k{G) is stably k-rational. 

Proof. We may write fc(xi, ..., Xn-i)^ = k{M)^ where M is the G-lattice Z[G/(r)]. 
Note that M is nothing but N+ in Dehnition 13.21 

By Lemma IT751 we hnd that 0 —)• A^+ —)■ M_ —)■ Z[G/ (cr)] —)■ 0 is an exact sequence 
of G-lattices. By Proposition l6.3l k{MJ) is G-isomorphic to /c(M)(?/i, 7 / 2 ) where aiip) = 
TiVi) = l/i for 1 < i ^ 

By Theorem 13.51 M_ © Ti[G/{t)\ ~ Z[G] © Z. Thus, by Proposition 16.31 again. 
k{MJ){zi, ..., Zn) is G-isomorphic to k{fL[G]){zQ) where a(zi) = T(zi) = Zi for 0 < i < 

n. 

Hence k{M)^ is stably isomorphic to k{M)^ with M = Z[G], which is nothing but 

k{G). ■ 
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The following theorem is a special case of Theorem 15.91 We include it here because 
there are two short proofs for the special case. 

Theorem 6.8 Let be the relation module of the free presentation of Dn in Defini- 
tion \l.l\ Ifn = 2, then is an indecomposable D 2 -lattice of rank 5. 


Proof. In the hrst proof we use computer packages. 

We need the GAP package CARAT ( [GAP] and [Caratj l to do the computations 
below. We also need the GAP program caratnumber.gap and crystdat.zip; see 
Section 3 of [HYj . which are available from 
http://WWW.math.h.kyoto-u.ac.j p/~yamasaki/Algorithm/. 

We compute the CARAT code of when n = 2. 
gap> Read("caratnumber.gap"); 

gap> S:=[[ 1, 0, 0, 0, 0 ], [ 0, 0, 1, 0, 0 ], [ 0, 1, 0, 0, 0 ], 

> [ 0 , 0 , 0 , 0 , 1 ] , [ 0 , 0 , 0 , 1 , 0 ]] ; ; 

gap> T:=[[-l, 1, 1, 0, 0 ], [ 0, 0, 1, 1,-1 ], [ 0, 1, 0,-1, 1 ], 

> [ 0 , 0 , 0 , 1 , 0 ] , [ 0 , 0 , 0 , 0 , 1 ] ] ; ; 
gap> Rab:=Group(S,T);; 
gap> CaratZClass(Rab); 

[ 5, 19, 17 ] 


The CARAT code of is (5,19,17), so R 


jab 


[HY] . Done. 


is indecomposable by Table 15 of 


We proceed to the second proof of this theorem. 

Step 1. Suppose that = L (B N where L and N are non-zero Z) 2 -lattices. We 
will hnd a contradiction. 

Recall the actions of a and r on the basis elements of in Lemma 15.71 where 


a : a a, bo ■H- bi, Cq -H- Ci, 

T : ci e->■ —a -pboPbi, bo ^bi Co — Ci, bi bo — Cq + Ci, 
Co •—t Co, Cl I—)■ Cl. 


Step 2. In the proof of Theorem 16.51 we dehne the lattices Mi and M 2 for Now 

we may dehne lattices Li and Ni for L and N similarly by Li = {x G L : ~ 

0}, Ni = {x & N : 9) ' ^ ~ 0}- have Mi = LiQ) Ni and rank^ Mi = 3 (see 

the proof of Theorem 16.51 

Then we dehne L 2 and N 2 by the exact sequences 0—j-Li—j-L—)-L 2 —^0 and 
0 ^ Ni ^ N ^ N 2 ^ 0. As we have seen in the proof of Theorem 16.51 M 2 , L 2 and 
N 2 are trivial Z) 2 -lattices. 

We will consider separately the situation ranks L = 1 and the situation ranks L = 2 
such that L is indecomposable. 
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Step 3. Suppose rank^ L = 1. 

If Li 7 ^ {0}, we will show that is fc-rational where K/k is a Galois 

extension with Galois group D 2 - This is certainly false, because of Theorem 16.61 The 
case Li = {0} will be considered in Step 4. 

Now we are going to show that is fc-rationah 

Since Li ^ {0}, we find that Li = L and rank^ Ni = 2, rank^ N 2 = 2. 

From the sequence 0 —)■ iVi —)■ iV —)■ iV 2 ^ 0, apply Proposition 16.31 We find that 

K(R^b)D 2 = K{L® N^)^^{xi,X2 ). 

By [Vot page 57], the two-dimensional algebraic torus is rational. We hnd that 
K{L © = K{L)^‘^{yi,y 2 ). Similarly, K{L)^^ = k{z) because it is just a one¬ 

dimensional algebraic torus (see |Vo( page 57]). 

This leads to the contradictory conclusion that K{R°‘^)^^ is /c-rational. 

Step 4. Gonsider the case rank^ L = 1 with Li = {0}. 

Write L = Wj ■ u. Note that g ■ u = u or —u for any g G D 2 . Since Li = {0}, it is 
easy to verify that D 2 acts trivially on u, i.e. L ~ Z. 

The decomposition 7?“^ = L ® guarantees the existence of the Z[Z72]-morphisms 
0 : L —)■ R°^ and V’ : L such that '^0 = 1. 

By the actions described in Step 1, since D 2 acts trivially on n, D 2 also acts trivially 
on 0 (m). It follows that 0 (m) = Si(&o + &i) + S 2 (co + Ci) for some integers Si and S 2 - 

On the other hand, let the images of a, Cq, Ci under the morphism 'ip are 
toM, Gm, t 2 U, tsu, t^u respectively where U are integers. From the identity ipcpiu) = n, 
we hnd that si{ti + ^ 2 ) + 52(0 + 0) = 1- 

On the other hand, for any element v G 'ip{av) = a'ip{v). Write v = XQa + x^Q + 
X25i+a;3Co+a;4Ci where Xj are integers. We hnd that (0—0)(a^i—a; 2 ) + ( 0 ~ 0 )(a^ 3 — 2 : 4 ) = 
0 for any integers Xi, X 21 X 3 , X 4 . It follows that ti = 0 and ts = But this contradicts 
to the previous identity Si(ti + ^ 2 ) + ^ 2(0 + 0) = 1. 

Step 5. Suppose rank^ L = 2 such that L is indecomposable. 

If ranks W < 2, we may show that K{R°'^)^^ is fc-rational by the same method as 
in Step 3. Thus this case is impossible. 

Suppose ranks W = 3. Then Mi = Ni = N. Hence L and M 2 are isomorphic, 
because each of them is isomorphic to R°'^/N. Since M 2 is a trivial i72-lattice, so is L. 
Thus L ~ is a decomposable lattice. This is impossible again. 
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